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Abstract 

We review the framework subfactors provide for understanding modular in- 
variants. We discuss the structure of a generalized Longo-Rehren subfactor and 
the relationship between the coupling matrices of such subfactors, modular in- 
variance and local extensions. We relate results of Kostant, in the context of the 
McKay correspondence for finite subgroups of SU(2), to subfactors. A direct 
proof of how a-induction produces modular invariants is presented. 
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1 Introduction 

Noncommutative operator algebras provide a framework, via the transfer matrices, 
for understanding classical statistical mechanics and their phase transitions. This 
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has led to connections with subfactor theory, via hyperfinite Hi subfactors. Basi- 
cally, algebras generated by larger and larger partition functions with subalgebras 
generated by those partition functions with certain boundary conditions. The sta- 
tistical mechanical models provide at criticality conformal field theory models - the 
relevant conformal symmetry described by loop groups, e.g those of SU(n) or coset 
models. These provide hyperfinite IIIi subfactors fl88[. The link between the two 



subfactor theories is mathematically via the classification results of Popa [75] relat- 
ing the type Hi picture of Jones- Wenzl Hecke subfactors and the type IIIi setting of 
Jones- Wassermann loop group subfactors and physically via the partition functions. 
Weyl duality, in its deformation, relates the representation theory of the symmetric 
group and the Hecke algebras at roots of unity q = e 2m /( n + k ) to that of the classi- 
cal group SU(n) quantum group SU(n)k at the same root of unity and the positive 
energy representations of the loop group of SU (n) at level k. Physically, we are try- 
ing to relate the study of the associated modular invariant partition functions of the 
statistical mechanical model at criticality and of the corresponding conformal field 
theories. 

We start the story in more detail on the statistical mechanical side, and for def- 
initeness the classical Ising model on a two dimensional square lattice Z 2 . Con- 
figuration space is distributions of two symbols ±, representing spin up/down or 
occupied/unoccupied in the lattice gas picture. The Hamiltonian H is the nearest 
neighbour Hamiltonian. Integrability of the model is effected mathematically by the 
star-triangle relation or the Yang-Baxter equation of the Boltzmann weights or com- 
mutativity of the strip transfer matrices. The transfer matrix T is obtained for the 
partition function of a strip of finite length M and width one lattice spacing. With 
boundary conditions £, rj along the two lengths the corresponding partition function 

defines for us the transfer matrix T. The partition function Z of a finite rect- 
angular lattice of length M and width N is then obtained by multiplying the strip 
partition functions, namely transfer matrix entries and summing over internal edges. 
For periodic boundary conditions we obtain 

Z = Y^ exp(-pH(a)) = ^ Z> l6 T 66 • • • = trace T N ■ ( l ) 

So we move from the classical model with commutative space V and Ising Hamilto- 
nian H to the noncommutative algebra, the Fermi or Pauli algebra M%, and one 
dimensional quantum Hamiltonian TC, where = T the transfer matrix and time 
development at = Ad(T~ lt ) = Ad(e 1 ^ and corresponding ground states. The first 
step in this movement is a noncommutative computation of the partition function 
Z = tiT N of the M x N rectangle (so that as N — > oo, we pick up the ground states 

The Ising model can be generalized to integrable models associated with SU(n). 
The product action of SU (re) on (g) M n has a fixed point algebra generated by per- 
mutations of the tensor factors, or certain representation of the symmetric group. 
This Weyl duality and its deformation is at the heart of the relation between the 
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SU (n) loop group picture, hyperfinite IIIi factors, superselection sectors and confor- 
mal quantum field theory on the one hand and the Hecke algebra picture, hyperfinite 
III factors, bimodules and classicial statistical mechanics on the other. Deforming this 
Weyl duality, the "fixed points" of the quantum group action of SU(n) q on (g) N M n 
is identified with a representation of the Hecke algebra H(q,m) with generators gi, 
i = 1,2... m and quadratic relations {q~ l — gj)(q + gj) = and braid relations 
9i9i+\9i = 9i+i9i9i+i,9i9j = 9j9i, V ~ j\ > 1 - Tnis duality relates the labelling of the 
irreducible representations of SU (n), (Young tableaux with fewer than m rows), and 
the truncations to level k positive energy irreducible representations of the loop group 
of SU (n) (with the further restriction to at most k colums) with the labelling of the 
irreducible representations of the symmetric group which appear when permuting the 
tensor factors, and the cut down when q = e 27rl /( n + fc ) i s a r0 ot of unity. Let us denote 
either by A =A^ n ' k \ The Ising Boltzman weights lie naturally in in the Pauli alge- 
bra (^) Mi when q = e l?r//4 . The Yang-Baxter equation at criticality reduces to the 
braid relation. The Ising model was generalized by Andrews, Baxter and Forrester 
0], Date, Jimbo, Miwa, and Okado |lj| (to SU(2), SU(n) respectively) so that the 
intergrable Boltzman weights now lie in <^)M n . The natural labels for the states at 
each site of the lattice is now A^ n,k \ and configuration space consists of distributions 
of edges from the fusion graph A^ n ' k ^ on a square lattice Z 2 . 

At criticality, the partition function Z on a torus can be written as Z(r) = 
tr(e~@ H e ir,p ) where 2-7rir = —j3 + ir] parameterizes the metric of the torus. The 
partition function of the statistical mechanical model can be expressed as an average 
over e~@ H , where TL the Hamiltonian, is now Lq + Lq — c/12 (the shift by c/24 
arising from mapping the Virasoro algebra on the plane to a cylinder). Here Lq {Lq) 
generate the rotation groups which act on the underlying loop groups, and also we 
have a momentum P (= Lq — Lq) describing evolution along the closed string. So 
taking both evolutions into account, we compute 

Z(t) = trie-^e 1 ^) = tl {^L -c/2A) e - 27r if (Zo-c/24)) _ (2) 

Decomposing according to representation theory of the loop group symmetry, the 
partition function breaks up as: 

2(r) = J2 x ^ Z ^Xx(r)x^ry. (3) 

We want to understand the modular invariant partition function, their realization 
and classification. 

In the IIIi factor setting, we have such a factor N endowed with a braided sys- 
tem of endomophisms n%n - the braiding in the loop group examples arise from 
rotating and possibly dilating an interval I onto its complement. Modular invariants 
enter the picture when we start to look at compatable subfactors N C M, when if 
i denotes the corresponding inclusion then the irreducible components of the dual 
canonical endomorphism 9 = Ti lie in n^n- This setting was initated by Feng Xu 



[90] for conformal embedddings where a certain chiral locality holds and taken up by 
Bockenhauer and Evans 0, |8|, [| for amongst other things simple current or orbifold 
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invariants and some coset models and by Bockenhauer, Evans and Kawahigashi in 
||, H for so called type II invariants when chiral locality can fail. Xu began the ball 
rolling in using the method of Longo-Rehren for inducing sectors of N to those of 
M. This is a formulation of Mackey induction, indeed the Longo-Rehren induction 
reduces precisely to this in the case of group-subgroup subfactors R G C R H @. An 
outer finite group action on a hyperfinite factor can be recovered from the position of 
the fixed point algebra R G C R. For a group-subgroup subfactor R G C R one can 
not recover uniquely the subgroup H (57], |51] ]. Nevertheless, we think of the subfactor 
as providing a mechanism for understanding the quotient G/H even when H is not 
normal. An inclusion of a subfactor in a factor has a rich combinatorial structure 
which can be described by a quantisation of a symmetry group or a paragroup in the 
language of Ocneanu (6^, |2t|. Jones |54|] found that the minimal algebraic structure 
realising this quantum symmetry was the Temperley-Lieb algebra or quantum SU (2). 

The induction is given by: = I -1 o Ad(e ± (A, 0)) o AoZ, where e is the braiding, 
so that a\ an endomorphism on M extends A in n^n on N, a\i = lX. The map 
[A] — > [a x ] is multiplicative, additive and preserves conjugation on sectors. The 
more naive induction A — > IXl = X' is not multiplicative as for example d\> = dgd\ 
is inconsistent with multiplicativity. We somehow need to divide out by 9 and ot- 
induction, in the presence of a braiding does this so that ct\u = JXl. 

We will assume initially that braiding on the system n%n is non-degenerate. In 
this case there is a natural represention of the modular group SL(2; Z) where the 
standard generators S and T matrices are basically given by the Hopf link and twist 
respectively. More precisely, recall that the statistics phase of uj\ for A € n%n is 
given as d\4>\(e + (X, A)) = uja1> where the state <f>\ is the left inverse of A. We set 
z = J2\e N x N ^a^a- If z / we put c = 4arg(z)/V, which is the central charge 
defined modulo 8. The 5-matrix is defined by 

S\,n = rr Yl -^-Nxudpi x,fi£ N x N , 

\Z\ UJp 

p£n*n r 

with N£ = (p, Xfj) denoting the fusion coefficients 32, ^J. (As usual, the label 
refers to the identity morphism id £ n%n-) Let T be the diagonal matrix with entries 
T x ,n = e-' mc / X2 0J X 5 Xtl , Then this pair of S and T matrices satisfy TSTST = S and give 
a unitary representation of the modular group SX(2;Z) [fZ6| , [8f|. Following a study 
of examples in we put Z\ 4l = (a^,a~), with the right hand side interpreted as 
multiplicites of common sectors in the two inductions, defines a matrix with positive 
integral entries normalized at the vacuum, Zq^q = 1. This matrix commutes with S 
and T and consequently, Z gives a modular invariant . (In the case of degenerate 
braidings, we would define matrices Y and f2, where we remove the factors, l/\z\, 
and e _17rC//12 , from the above expressions for S and T respectively. Then we only have 
the partial relations QYQYQ, = zY, but nevertheless, (a^,a~) still commutes with 
Y and SI). 

A modular invariant is said to be sufferable if it arises in this way from a subfactor 
through the process of ct-induction. As we shall point out here again in this paper, 
there do exist insufferable modular invariants which cannot be realised in this way. 
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A simple argument of Gannon [4C] shows that there are finitely many modular 
invariants for a given modular data. Indeed he has the estimate ^ A < 1/Sq 

which can be refined [|ll| to the inequality Z\^ < d\dn for each entry of the mass 
matrix. There is always the diagonal matrix solution. In some sense according to 
Moore and Seiberg |6J] every modular invariant is of this form when looked at prop- 
erly. That is at least when the system A is expanded to an extended system B and 
up to a twist ■d of the extended fusion rules of B. So taking the twisted diagonal 
modular invariant or permutation invariant for the B system 

^ = £ t XtX*(t), (4) 
and restricting to the original system Xr = Sa ^t,X X\-> we have: 

= ^ r b T ,\h(T),^- (5) 

When no twist is necessary, so that 

£i^i 2 = E(E^xa| 2 , ( 6 ) 

Z\fx = ^2b TX b TIM , (7) 

T 

then the modular invariant is said to be type I. In such a case, the modular invariant 
is automatically symmetric Z\ „ = Z„\. In the presence of a non trivial twist, the 
modular invariant is said to be type II. In the type II case, the modular invariant Z 
may not be symmetric (although in the case of SU{n) all known modular invariants 
are symmetric even though not all are type I) but there is symmetric vacuum coupling: 
Z\$ = Zq 7 \. This is not enough to handle all modular invariants - some are not 
symmetric - e.g. for the loop groups of orthogonal groups at low levels [44, 1C] or 



quantum doubles of some finite groups [18, 3C]. In this case, which one may call type 



III, we need different extensions or labellings on the right and left B^ 1 . 

Such an extension theory has been developed rigorously in the subfactor context 
in [pX| 1. At the same time a better understanding was developed in (!(]] of the funda- 
mental formula proposed in || for Z\^ = (a^,a~). We write this in matrix form, 
Z = b + *b~ , where b are the matrices of the chiral branching coefficients 

b$,x = {T,a$), reB, XeA. (8) 

Here B are certain induced braided neutral endomorphisms of the factor M, where 
there are extended S ext and T ext matrices associated to the extended system. Then 
the branching coefficient matrices b intertwine the two representations of <5X(2;Z): 
S e*t h ± = b ± s ^ T ext b ± = b ± T _ However, this does raise further questions, since this 
means that certain modular invariants e.g. some associated to orthogonal groups at 
low order are insufferable - they cannot be realised by subfactors. See e.g. Section 



5 of |12|] for a discussion on this. A sufferable modular invariant with associated 
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subfactor produces intermediate subfactors N C M± C M where neutral sectors of 
endomorphims B^ of M± are the natural left and right chiral labelling producing 
type I parent modular invariants = & =t *6 =l= , and the identification of B + with B~, 
relating b + with b~ , is the twist which yields the original modular invariant. It may 
happen that M + ^ M_ , and this can even happen with symmetric modular invariants 
for SU(n) 0, |||. 

When we start from a braided system of endomorphisms n%n on a IIIi factor 
N, and a subfactor N C M where the dual canonical endomorphism is generated by 
n%n, we can induce to systems of sectors M X^ on M. We can then form the system 
M Xf ;l = M X^ { V ano - m%m as a system of endomorphisms for the irreducible 

subsectors of {l\T : A G n%n} on M. For conformal embeddings, where the extended 
sectors are given by those of the ambient loop group, which is clearly non-degenerately 
braided, it was shown in Q, that the following conditions are equivalent: 

• the mass matrix Z\^ can be recovered from a-induction as (a~^,a~), 

• the neutral sectors M X^ = m^m^m^m are identical with the extended sectors, 

• m%m = M X M v m X m- 

There were also analogous statements for simple current invariants ||], and in either 
case, these conditions were shown to be valid for many cases. It was then subsequently 
shown in fl3[| , that if the system is non-degenerately braided, then we have the 
generating property = m%m (and hence the equivalent conditions of || hold). 

A more algebraic proof of the generating property which does not rely on graphical 
arguments and the double triangle algebra was established in [jO]]. In the same spirit, 
we give an algebraic proof in Section that the mass matrix Z commutes with the S 
matrix, and is consequently a modular invariant as a simple argument of [10, Lemma 



6.1]) already gives commutativity with T. Now in general, the induced systems, 
m^m are n °t braided or even commutative. Indeed the complexifications of the 
finite dimensional C*-algebras they generate are given as JlJ] using the branching 
coefficients: 

Riru( M *±)~ Mat(6± A ). (9) 

\e N x N TeMX o M 

In particular, the induced systems are noncommutative only when the branching 
coefficients are all at most 1. The first noncommutative example was computed by 



hand by Feng Xu []90|, for the conformal embedding SU{A)^ C 5C/(15)i, but we see 
that this is just the first of a series of noncommutative examples from SU(n) n C 
SU(n 2 — l)i. So naturally, using a-induction, we have an action or nimrep (i.e. a 
matrix representation where all the matrix entries are non-negative integers) of the 
original fusion rules of n%n on M X^. However, this does not yield the correct graph 
in general. Computing dimensions in Eq. @ we see that the number of irreducible 
components of is given by trZ ± - which only sees the type I parents of the 
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original invariant. Consider the three modular invariants associated with the Dynkin 
diagrams A17, D10 and E7 for SU{2) at level 16: 



cr V^16 1 |2 

^Ai7 = 2^A=0 \X\\ 

Zd 10 = \xo + Xie| 2 + |X2 + Xu| 2 + |X4 + X12I 2 + |X6 + Xiol 2 + 2[xs I 2 , 

Ze 7 = Ixo + Xiel 2 + |X4 + X12I 2 + Ixe + Xiol 2 + Ixsl 2 

+ (X2 + X14)X8 + X8(X2 + X14)*- 

For either Zn 10 or Zs 7 we would only get 10 sectors which would force D10 to be the 
fusion graphs of m^m- To distinguish the two invariants, we need to consider not 
only N-N sectors n%n and M-M sectors m^m but also M-N sectors m%n given by 
irreducible components of {l\ : A G n%n}- The left action of m%m on m%n defines 



a representation g of the M-M fusion rule algebra, and decomposes as O, 14 



Q - (J) 7T A ,A • 

Here 7Ta,a is the irreducible representation corresponding to the matrix block M&t(Z\ t \). 
7T x,x([ a t']) = S\,v/ S\filz x x m t ne diagonalisation of the complexification of the fusion 
rule algebra of M X^ ( a l so provided that the braiding on n%n is non-degenerate): 

Futu{mXm)^ Mat(Z A , M ). (10) 

A,//E N%N 

In particular the spectrum is determined by the diagonal part of the modular invari- 
ant. Thus it is precisely this representation g which provides an automatic connection 
between the modular invariant and fusion graphs (e.g. the representation matrix of 
some fundamental generator □ corresponding to the left multiplication of [«□] on the 
M-N sectors) in such a way that (the multiplicities in) their spectra are canonically 
given by the diagonal entries of the coupling matrix. In fact, evaluation of g on the 
[a^J's yields a nimrep of the original N-N fusion rules. 

We say a modular invariant is nimble if there exists a nimrep {G\ : A G n%n} 
whose spectrum reproduces the diagonal part of the modular invariant cr(G\) = 
S^o with multiplicity Z^^}. A sufferable modular invariant is clearly nimble by 
|l3| , but not all modular invariants are nimble and there do exist nimble insufferable 
modular invariants ]30| ]. 

Finally, by counting dimensions we see that #m^n = tr(Z). Thus for SU(2) at 
level 16 we have trZD 10 = 10, tr^E 7 = 7, so that we would get the correct E7 graph 
for the E7 modular invariant here. For the situation where chiral locality holds as for 
D10, we can identify both M X^ with n%m (by /3 1— ► /3 o l, (3 £ m^m) so that there 
is no difference here with the first cruder computation. 

It may be useful here to list the exceptional invariants for SU(2), SU(3), SU(4) 
- i.e. the ones which are not diagonal, orbifold or simple current invariants or their 
conjugates. If Z is a modular invariant, then Z c = ZC = CZ is also a modular 
invariant as C = S 2 , called the conjugate of Z which may different from Z. Also, 
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first for the record all SU {n)k conformal embeddings are: 

SU(n) n _2 C SU (n(n — 1)/2) 1 (only gives exceptional for n > 5) ; 

SU(n) n C SO(n 2 — 1) 1 (only gives exceptionals for n > 4) ; 
SU(n) n+ 2 C 5f/ (n(n + 1)/2) 1 (only gives exceptionals for n > 3) ; 
St/-(2) 10 C 50(5)! ; SU(2) 28 C (G 2 )i ; 
SJ/(3) 9 c(E 6 )a; SU(3) 21 C (E 7 )i ; 
5C/(4) 8 C 50(20)! ; 5f7(6) 6 C Sp(20) 1 ■ SU{8) W C 50(70)! . 

SU(2) 

. Eg, 5C/(2) 10 C 50(5)i 
. E 8 , SU(2) 28 c (G 2 )a 

• E7, automorphism or twist of the orbifold invariant D10 = SU (2\§j7L 2 
517(3) 

• 5^(3)3 C 50(8)i, also realised as an orbifold SU (3)3/23 

• SU(3) 5 C 5t7(6)i, plus conjugate 

• £^ 12 \ SU(3) 9 C (_E 6 )i, with two nimreps, £( 12 ),and£( 12 )/Z 3 , 

. £( 24 ), 5C/(3) 21 C 
(12) 

• Moore-Seiberg invariant, automorphisim or twist of the orbifold invariant 
SU(3)g/Z3, plus conjugate S^g° 

SU(4) 

• SU(4) 4 c 50(15)i 

• £^ 5f/(4) 6 C 517(10)1, plus conjugate £^ c = £^ /Z 5 

• £( 12 ) 5J7(4) 8 c 5O(20)i 

(12) 

• 5£7(4)g: automorphism or twist of the orbifold invariant 5f7(4)s/Z4 

Of course apart from trying to realise modular invariants by subfactors or vice 
versa one would like to classify all modular invariants for a given modular data, and 
understand the relevant subfactors which can be used to realise them through the 
process of a-induction. 



Cappelli, Itzykson and Zuber 17] classified SU{2) modular invariants by ADE 



Dynkin diagrams whose exponents or eigenvalues describe the diagonal part of the 
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invariant. Such graphs are obtained from the McKay graphs for finite subgroups of 
SU(2), the affine Dynkin diagrams. Di Francesco and Zuber [22] understood the 
ADE classification of SU{2) modular invariants [17] in terms of nimreps. They were 
very successful in pursuing this line in trying to label the known SU (3) modular 
invariants (subsequently classified by Gannon |41]1 ) with graphs whose eigenvalues 
described the diagonal part of the modular invariant, partly guided by the list of 
McKay fusion graphs for finite subgroups of SU (3). There is a mismatch between the 
lists of SU (3) modular invariants and finite subgroups of SU (3) but they are very close 
and this "correspondence" was a significant tool. As n increases, then the number 
of finite subgroups of SU(n) increases, but the corresponding number of exceptional 
modular invariants appears to decrease. They succeeded, for SU(3), in finding graphs 
and nimreps for the orbifold invariants, and the exceptional invariants, (with three 
candiates for the conformal embedding SU(3)g C (-Ee)i invariant). All these graphs 
were three-colourable, and they conjectured this to be the case for all SU (3) modular 
invariants. Meanwhile, an ADE classification of subfactors of index less than four 
was obtained by Ocneanu (6(| with published proofs by others (see [29] for detailed 
citations). Here D dd and £7 are missing from this classification as they do not appear 
as the principal graphs of any subfactor. These correspond to the type II modular 
invariants in the corresponding ADE classification. The orbifold construction was 



brought into the subfactor picture in p7|], and followed up in |55|, 89]. It should 
be noticed that the flat part of the Ej connection was computed to be D\q in [pgf[ , 
motivated by the fact that the £7 modular invariant was a twist on the orbifold D\q 
invariant. These were pieces of a jigsaw relating the classification of SU (n) modular 
invariants with SU(n) subfactors, but the overall picture was fragmented. 

Looking further into the subfactor connections, Ocneanu [67] produced the nim- 
reps, chiral and full graphs for the SU(2) invariants using the bimodule and his dou- 
ble triangle approach. Feng Xu |9C| l looked at the conformal embedding invariants 
in the loop group setting of |88[| , taking as principal tool the ce-induction of Longo- 
Rehren |63j j. In particular he computed the chiral graphs for the Eg, Es for SU{2) 
and SU(3) 3 C 50(8)i, £ (8) , £ (12) , £ {24) for SU(3), and 5C/(4) 4 C 50(15)i for 
SU(4), and SU(4) 3 C SU (10)i. Bockenhauer and Evans |, |, || pursuing the a- 
induction approach also brought the simple current invariants into the game and so 
computed the chiral graphs and full graphs in the orbifold cases D even , as well as 
the full graphs in the case of Eg, Eg. It only then became clear that the classifica- 
tion obtained by Ocneanu of irreducible connections on the ADE Dynkin diagrams 
which form a fusion ring with connection generators W and W was related to the 
induced full M-M system with generators af and aj". The precise relation between 
the bimodule approach of Ocneanu and that of ct-induction is explained mathemat- 
ically in fl3]| . The principal and dual principal graphs could be computed from the 
induced systems, e.g. the dual principal graph for the conformal embedding 
SU(3)s C SU(6)i was computed for the first time |J. The centre 7L n of SU(n) acts 
on the algebra N = TTQ(LjSU(n))" , for say the vacuum level k representation, for 
the SU (n) valued loops concentrated on an interval / on a circle. We can form the 
crossed product subfactor N(I) C N(I) x Z n , which will recover the orbifold modular 
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invariants, but this extended system is only local if and only if k £ 2nN if n is even 
and k £ nN if n is odd [0], precisely when the corresponding modular invariants are 
type I. They also started to consider the modular invariants of the extended U(l) 
current algebras as treated in |l6| and the minimal model modular invariants which 
arise from coset theories (SU (2) m _2 &> SU (2)i) / SU (2) m -i and are labelled by pairs 
(Qi,02) of ADE graphs, associated to levels (m — 2,m — 1), which arise from fusion 



graphs from a-induction. See [56| for the latest developments. 



The situation when chiral locality M fails was taken by Bockenhauer, Evans and 



Kawahigashi [14]. In particular they realised the E7 invariant for SU{2) through a 
subfactor, computed the full system, as well as the full system for D 0( id- Previously, 
at a purely algebraic level, Bockenhauer and Evans [25] had constructed the nimrep 



for the Ei type Moore Seiberg invariant, a twist of an orbifold invariant, for SU (3) 
without realising the subfactor - but it is the sufferablity of such invariants which 
is of main interest not simply constructing a nimrep. Bockenhauer and Evans ||] 
understood that nimrep graphs for the conjugate SU(2) modular invariants were not 
three colourable. This was also realised simultaneously by Behrend, Pearce, Petkova 
and Zuber |J and Ocneanu [S8|. Indeed Ocneanu announced in Bariloche |3^] that 
all SU (3) modular invariants are sufferable, and the classification of their associated 



nimreps. Bockenhauer and Evans [11] realised all modular invariants for cyclic Z n 
theories, in particular charge conjugation. This could be used to understand and 
realise SU(3)g C (Eq)i, with two nimreps. One was £^ 12 ^ through of course the 
SU (3)g C (Eq)\ standard conformal embedding, and another the orbifold £( 12 ) /Z3 
obtained from the subfactor SU (3)9 C (Eq)i x Z3. The extension (Eq)i C (Eq)i x Z3 
describing charge conjugation on the cyclic Zq system for (23s) 1. The analogous 
construction for SU (4) does not degenerate in this way as the modular invariant £( 10 ^: 
SU(4)q C SU(W)i, is not self conjugate, and so the fusion graph for the conjugate 



modular invariant is the Z5 orbifold [11]. A nimrep for the conformal embedding 



invariant SU{4) 6 c ST/(10)i had been computed in |7l| . For other reviews and 

further results see [11, |l^ ]. 

On the physical side the role of nimreps became clearer through the work first of 
Behrend, Pearce, Petkova and Zuber [Q] on boundary conformal field theory bCFT 
and later Petkova and Zuber particularly in the use of twisted partition func- 

tions and its relation to the Ocneanu approach. On the other hand the a-induction 
approach or formulation was taken up on the physical side by Fiichs and Schweigert 
p7| , |3g| l and adapted to their approach to bCFT. 

Returning to our decomposition of modular invariants through intermediate sub- 



factors, the situation is summarised || using recent work of Rehren [8C] on canonical 
tensor product subfactors as determining a generalized Longo Rehren LR subfactor 
with a maximal intermediate extension, 

Q = N iV opp C M+ <g> M° pp C R, (11) 

where the irreducible sector decomposition of the dual canonical endomorphism O of 
Q C R is described by Z Eq. (0), and ext of M+ <g> M° pp C R by Z ext . 
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There is a connection between the two chiral inductions and the picture of left- 
and right-chiral algebras in conformal field theory. Suppose that our factor N is 
obtained as a local factor N = N(I ) of a quantum field theoretical net of factors 
{N(I)} indexed by proper intervals I C R on the real line, and that the system 
ffXjf is obtained as restrictions of DHR-morphisms (cf. ^9|) to N. This is in fact 
the case in our examples arising from conformal field theory where the net is defined 
in terms of local loop groups in the vacuum representation. Taking two copies of 
such a net and placing the real axes on the light cone, then this defines a local net 
{^4(0)}, indexed by double cones O on two-dimensional Minkowski space (cf. |7£j for 
such constructions). Given a subfactor N C M, determining in turn two subfactors 
N C M± obeying chiral locality, will provide two local nets of subfactors {N(I) C 
M±(I)} as a local subfactor basically encodes the entire information about the net 



of subfactors [63]. Arranging M + {I) and M_(J) on the two light cone axes defines 



a local net of subfactors {A{0) C A cxt (0)} in Minkowski space. The embedding 
M_|_® Af° pp C B gives rise to another net of subfactors {A ext (0) C B(0)}, where the 
net {B(0)} obeys local commutation relations. The existence of the local net was 
already proven in flSOfl , and now the decomposition of [0 ex t] tells us that the chiral 
extensions N(I) C M + {I) and N{I) C M_(J) for left and right chiral nets are indeed 
maximal (in the sense of |]79|| ), following from the fact that the coupling matrix for 
{j4 ex t(C) C B(0)} is a bijection. This shows that the inclusions ./V C M± should in 
fact be regarded as the subfactor version of left- and right maximal extensions of the 
chiral algebra. 

The extension Eq. ( |TT1) basically ensures the existence of a corresponding two 
dimensional rational conformal field theory 2D-RCFT |8C]. The coupling matrix Z 
is automatically O- and y-invariant [O]. Crucial for the understanding of classifi- 
cations of 2D-RCFT's and braided subfactors is now the converse direction: If we 
have generalized LR-subfactor Q C R (relative to a braided system), i.e. a 2D-RCFT, 
does this also imply the existence of some braided subfactor N <Z M such that its 
a-induction coupling matrix reproduces the of Q C Rl A proper answer to this 
question would clarify why for RCFT's the diagonals are exponents of graphs etc. 
This question is not easy. The first problem is that we cannot expect a unique sub- 



factor N <Z M because different subfactors can produce the same Z, see [14, 11 



and the changing the t- vertex argument [26]. The next problem is that even a gen- 
eralized LR subfactor which satisfies the 2D locality condition produces a coupling 
matrix which is fi-invariant but which does not necessarily commute with Y. The 
most trivial example is the trivial (and hence local) inclusion Q = R which gives 
Z\,u = fi\o$u,,o which is obviously Q- but not y-invariant. (Rehren has a less trivial 
example for SU(2)^.: There is a local Q C R such that the only non-zero entries of 
Z are = 1 on the diagonal for even spins. The locality condition is possibly equiva- 
lent to but at least should imply f2-invariance of the coupling matrix.) However, it 
follows from Proposition 2A that the inclusions C M± determined by Q C R are 
braided subfactors and hence produce Q- and y-invariant (parent) coupling matri- 
ces but which can (and often are) different from the coupling matrix describing 0. 
(These are however trivial as N = M± for the sketched examples.) So the question 
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is: When does a generalized LR subfactor Q C R with coupling matrix Z determine 
some braided subfactor N C M giving Z by a-induction? Is it enough to require 
Y-invariance? (Besides locality ensuring O-invariance.) 

Clearly Lie groups, and their loop groups, provide clear examples for studing 
modular data and modular invariants. However, finite discrete groups as we have 
already mentioned, have a role to play in this theory - from finite subgroups at least 
of SU{2) and SU(3). This aspect will be further discussed in Section || when we 
relate the approach of Kostant [^] to our subfactor approach. Apart from loop group 
or quantum group examples, modular data can also be obtained in the subfactor 
context through the use of the quantum double subfactor, just as one can produce R- 
matrices from any Hopf algebra through the double construction of Drinfeld. Thus the 
quantum doubles of finite groups provide a fascinating testing ground for testing 
whether structure or coincidences which we have discovered in the quantum group 
subfactors, carry over to more general braided subfactors and their corresponding 
modular invariants. 



2 On the structure of a generalized Longo-Rehren sub- 
factor 

Here we collect some considerations about the relation between braided subfactors and 
generalized Longo-Rehren (LR) subfactors. Roughly speaking, the trivial subfactor 
N C N, as producing the diagonal coupling matrix, corresponds to the usual LR 
subfactor. More interesting are non-trivial inclusions N C M producing non-diagonal 
coupling matrices and corresponding to generalized LR subfactors. 



2.1 Maximal local extensions 

The following will demonstrate that a generalized LR subfactor gives naturally the 
local extensions factor M±. 

Let TV be a type III factor with a system n<%n of endomorphisms, and let Q = 
iV(g)iV opp . We consider a subfactor Q C R such that the corresponding dual canonical 
endomorphism is decomposed as 

[6]= Z AjA4 [A®/x°pp], (12) 



i.e. Q C R is a canonical tensor product subfactor [79, g0|. Let £lr ■ Q ^ R he 
the injection homomorphism, so that G = Zlr'-lr, and choose orthonormal bases of 
isometries 

# A , M;i € Hom(t, i o (A ® /x opp )), i = 1, 2, . . . , Z Kli . 

Note that then any r £ R has a unique expansion in the ty\ u-j's with coefficients in Q 
[63, 52]. In the sequel we will freely identify iV canonically with N <g> 1 and similarly 
iV opp with 1 <g> iV opp . 
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Proposition 2.1 There are irreducible subf actors N C M± such that their dual 
canonical endomorphisms 9± are decomposed as [0+] = (§)\ eN x N ^A,o[A]- an d [&—] = 
®\e N x N z o,a[A], respectively. 

Proof. Put N = N <g) 1 C R and define 

X£ N X N 1=1 

We first claim that N C Af + is an irreducible subfactor, i.e. N' n M + = CI (in 
particular M + is a factor). Let X € N' n M+ and expand X = X^a j( n A,« ® l)^A,0;t> 
with n^ j € N. Since the ^x,u-i s are linearly independent over Q we obtain from 
X £ N' for all n G JV 

(n (8 l)(n X ,i ® l)*A,0;i = ( n A,i ® l)*A,0ii(" ® 1) = (T»A,< ® l)(A(n) ® l)*A,0;i 

for all A G n^N j * = 1)2, ...,^a,o individually, where we also used the intertwining 
property of ^a,0;i- We conclude n.\,i € Hom(A, id) = 5^,0^1, implying N'f]M + = CI. 
Letting i + : iV M_|_ denote the injection homomorphism we find with a similar 
argument for A' € End(iV) that Hom(i+, t+(A' ® id)) is zero unless [A'] = [A] and 
consequently we obtain by (5^] that 9 + = is decomposed as [6] = (J) A Zy)[A<8>id]. 
Playing a similar game with M° pp = <8> -A r ° pp ) 1 I / o,At;i completes the proof. 

□ 



The following identifies M + and M° pp as relative commutants of iV opp and iV, 
respectively, in R, and therefore can be considered as some kinds of "maximally 
extended chiral algebras" (cf. |79fl ). 

Proposition 2.2 W^e /iaue 

M + = (i ® iv opp )' n fl, m° pp = (jv ® i)' n a (13) 

Proof. We only show the first equality, the second one is proven similarly. Any 
X £ R can be expanded as 

x = E EK^® n U^ 

A,/i,iSjV'-fjv * = 1 

with n A )At; i G n A, M; i G iY ° PP - Then Af G (1 ® iV°PP)' implies that € 

Hom(^ opp ,id opp ) = ^, C1, so that X £ M + . Consequently, (1 ® 7V opp )' n R C M+. 

The opposite inclusion is obvious. □ 
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^From now on we assume that the system n^n is braided and denote 

e±(A ® p opp , p z/ 5 ^)* = £±(A, p) <g> j^^, i/)). 

(Here j : iV — > N opp denotes the anti-linear isomorphism.) This gives a braiding on 
n%n ® N^^' p an d can be extended to sums and products in the usual way (see e.g. 
||, Subsect. 2.2]). 

Proposition 2.3 If the locality condition holds, 6^(0, Q)V 2 = V 2 for Longo's isom- 
etry V G Hom(id, T), T = a, then M + and M° pp commute. 



Proof. The locality condition is equivalent to having [63] 

e ± (A®p° PP ,p0^ OpP )^A, / ,^p,,; J = ^u^I'A,,:-. (14) 

Consequently ^A,0;i an d ^o,fij commute for all X,fx,i,j, and hence so do M + and 
M° pp . ' □ 



2.2 On A-induction 

Here we show that the entire R-R system can be obtained by some induction proce- 
dure similar to a-induction. 

We now define an extension of A®p opp G End(Q) to R in the spirit of a-induction 
[|3|, [| and call it A-induction: We put A^ Jq = A <g> /i opp and 

A^($ ft , ;! ) = ^(A ® p opp , p ^ opp )^ P ,, ;4 . 



We also assume "locality", i.e. e ± (0,0)y 2 = y 2 . By the same arguments as for 
a-induction, this implies 

Hom(A± M , A±„) = Hom(i o (A ® p opp ), i o (p ® z/ opp )) 

since Eq. (|l4|) implies the opposite inclusion of the obvious one obtained from the 
extension property of A-induction. In particular (id, ) = Z\ ^. If we have a 

subfactor N C M allowing for a-induction then we thus find (A^ id , Aj^ ) = (a^ , a^). 
Therefore we expect A^" and Aj" to produce systems isomorphic to m^m- We will 
show soon that the two sector systems obtained from A + - and A~-induction only 
intersect on the identity sector. 

Let rXr denote a system of R-R morphisms, i.e. a choice of representative mor- 
phisms of irreducible subsectors of some [/-lr(A <g> P° pp )£lr] (and containing the iden- 
tity morphism). Let C rXr C rXr denote the subsystems arising from chiral 
inductions A 1 * 1 and the mixed induction (with notation analogous to u, mm)- 

Lemma 2.4 Provided that the braiding on n%n is non- degenerate, we have 

(A+ M ,A-,) = (A+ /lJ id)(id,A-,). (15) 

In other words, writing E x ,^ p ,u = ( A A lAt ' A p,u) then 9™es ^x,n;p,u = Z X ^Z P)U . 
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Proof. We define a matrix 

<^ ;n = (fiA+ M A-,,,fi') 

for 0,12' G rXr- 

Since we assume non-degeneracy of the braiding, the characters 
of the N-N will be exhausted by the statistics characters. Thanks to the homomor- 
phism property of A-induction with respect to both entries, we obtain by the usual 
arguments 

x^ 

pfi' _ Sx >' S, t(i) S f,*t(i) S P^I(i) ^Wg) A ( A \ * 

u x,p;p,u;Q, — 7, ~~d 5 "c "q ?m?fW 

i=i d o,*+(o d o,*no 

with maps $^ : {1, 2, # R ^^} — > n%n, and where the £ l, s are orthonormal vectors 
(cf. § p. 92] or H p. 203]). Note that the statistical dimension of A ^ opp is given 
by {jJ\/uj^. By the same arguments as for a-induction (cf. [^, Lemma 3.10]) we find 

^\,fi;p,v — ^X,p;p,u ■ 

UJpLUp 

Note that = R ( ^ fi -- . Hence we can compute 

\,p,,p,u£ffXpf \,p,p,i>£nXn 

^R^R Q Q Q C/ 

EV^ c cf * A '*fW M)*?® P.*i(0 F .*2Wi^|2 * c e 
2 „ no^Q^uxUp— -5 |^o I UpUvbpflbvfl 

\,w,ve N x N i=i fi o,*+(i) ^o,#+(i) ^o,*r» ^o,*rW 

#R X R 

i=i 

where we used the modular relation STS" = T*ST*. On the other hand we clearly 
have (&x )fM , A~„) > (A^, id) (id, A",,), i.e. H AjWP)1/ > Z\#Z p%v . Hence 

So,\So : pZ,\ t p;p :U S P) oS U fl > So,\So,pZ\ t pZ P)U SpfiS U fi = 1 

by modular invariance. Therefore we conclude that Sw.^,, = Z\ JZp V . □ 



Next we define a vector u by putting 



X,p p,vl ' 



\,p,,p,ve N Xb 



By an analogous calculation as in the proof of [10, Prop. 3.1] we find Rx,u-pvV = 
d\dpd p d u v so that wis a scalar multiple of the Perron-Frobenius eigenvector <i (with 
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entries dn), i.e. v = (d, ( G 1. By do = 1 we notice ( = vo which can be calculated 
as 

vo= ^2 dxd^dpd,, {id, A^A^) = ^ dxZx^dpZ^dv = w 2 



by Lemma |2.4 (As usual, w = X^a^a denotes the global index of n%n-) Thus 
vq = w 2 dn for all f2 £ • n the other hand we know 

dxd^d p d u = (^ A l,p A P,v) d n 



so that 

4 

w 



£ d\dld 2 p dl= Y, E W P ^(fi,A+ A-^df 



\p,,p,u£ N x N \,p,p,v£ N x N ne R x£ 

= Y, Vndn = vj2 E ^ = 

with wa = X)fie at a ^n- Thus we have obtained 

Corollary 2.5 We have w& = ^ 2 > o,nd consequently each R-R sector is realized by 
A-induction, i.e. rX r = R X R . 

Let 0± € R X R - Note that then the product + f2_ is irreducible as 
since R X R H R X R = {id} by Lemma 2.4. Hence we have obtained 



Corollary 2.6 The system of R-R morphisms is exhausted by the products + f2_ 
with Q± G rXr ■ 

3 Finite groups and the McKay correspondence 
3.1 Background 

The quantum doubles of finite groups provide modular data whose modular invari- 
ants can be precisely analysed [l^, pC|] . Finite groups are also of course significant for 
modular invariants, particularly SU (2) modular invariants, by the ADE classification 
of finite subgroups of SU(2). If G is a finite subgroup of SU(2), then the McKay 
graph of G is an affine ADE graph. It is a challenge to relate the ADE classsifica- 
tion of modular invariants and corresponding subfactor theory with the classification 
of the ADE finite subgroups and the corresponding theory of the resolution of quo- 
tient singularities. Here are some modest contributions in this direction. See also 
announcements of |67|. 1611. 



16 



3.2 Kostant's result 



As is well-known, the McKay correspondence associates the finite subgroups of SU (2) 
with affine Dynkin diagrams. Using ordinary Coxeter graphs, the correspondence is 
as in Table [j]. Now pick one of these finite subgroups G C SU{2). For 7 G G (the 



Table 1: The McKay correspondence 



Dynkin diagram 


Subgroup G C SU(2) 


Order of G 


A, 




£ + 1 


Be 


BDi = Qi-2 


A£-8 


E$ 


BT = BA 4 


24 


E 7 


BO = BSi 


48 


Eg 


BI = BA 5 


120 



group dual) we define power series 

CO 

fi (<?) = ^2 n ]q J i 
3=0 

where the numbers rej is the multiplicity of 7 in the restricted (j + l)-dimensional 
representation Dj of SU (2), i.e. nj = (res^^^ZX,-), 7}. (Note that nj < j + 1 so that 



fy converges e.g. inside the unit disc of C.) It was proven by Kostant [59] that 



(l-<f )(!-<?*) 



with r and s positive integers such that r + s = h + 2 and rs = j^G where h is 
the dual Coxeter number of the Dynkin diagram associated to the group G (with 
order #G), and the important thing is now that Pj(q) is a polynomial. Labelling 
the trivial representation in G by "*" then we have p*(q) = 1 + q h and for the other 
representations we have 

i=0 

with positive integers cj. But let us now recall that the affine Dynkin diagram T 
associated to G has adjacency matrix 

r 7 ,y = (7', 7® 7l)> 7,7'eG, 
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and where 71 = res^^ (Di). Recall the tensor product rules Dj®D\ = Dj + \ (B-Dj-i 
for j > 1 and certainly Dq <8> D% = D% . Thus we can compute 

Ey eG r 7) y/ y (g) = Ey eG Er=o(re S f (2) (^),y)(y,7®7i>^ 



'7 

^00 



-.7 

■voo 



ET=o(^4 U(2) (D 1 ^D J ), 1 ) q 

q^Uiiq) - n l) + qMq), 



so that we obtain 



X] r 7)7 '/y(g) = (g + g ^(g) - g ^7,*, (16) 

7'GG 

due to n 7 , = <5 7i *, and in fact Eq. ( |l6| ) determines the / 7 's completely [53]. (For 
SU(3), presumably the polynomials would have two variables, i.e. something like 

00 00 

/ 7 («i,fl2) = E E B W^ 

Ai=0 A 2 =0 



with n^ Ai A2) = (res G a(3) (-D (AljA2 )),7) for G C 5(7(3), 7 G G, and j D(a 1 ,a 2 ) is the 
representation of SU(3) with "Dynkin labels" Ai,A2 > 

3.3 Relating Kostant's result to subfactors 

Now let us turn to our subfactors realizing the ADE modular invariants. Recall that 
for an ordinary ADE Dynkin diagram T its affine extension T is obtained by adding 
one vertex "*" and joining it by an edge to a certain vertex of T. By the argument of 



changing the l- vertex 26] we may and do assume that our subfactor N C M realizing 
the r modular invariant has the t-vertex exactly on the vertex which would join the 
extension vertex "*". It turns out that we then have (9, A&) = 1 for all the DE cases 
(for A we will need =2 and a reducible subfactor, what we do discuss here in detail). 
This gives a natural bijection between (equivalence classes of) non-trivial irreducible 
representations of G and M-N sectors. We will denote the M-N morphism associated 
to 7 € G \ {*} by a 7 . Note that 1 = a 71 . Now let us define the following polynomials 
labelled by 7 € G: 

p*(q) =l + q k+2 , 

Pl(.Q) = Ei=o( 5 7' tA i)^ i+1 ' ( 17 ) 

tt(q) = (1 + q 2 )p*{q) - qp-yxiq)- 

We now claim 

E r 7)7 'jy (g) = (q + g _1 )p 7 (g) - g -1 £ 7 ,*0(g), 

7'GG 
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Let's compute the left-hand side for the three cases: (1) 7 = *, (2) 7 = 71, and (3) 
otherwise. For (1) we clearly obtain p 7l . For (2) we obtain + ^ ,(a 7 Ai, ay )py, 
and for (3) we obtain ^ , (o 7 Ai, ay )py. Now note that 

E 7 'eG( S 7 A i) S 7'W(9) = Ei=o( S 7 A i' tA i)9 i+1 

>fe-i 



Ej=o («7> tA i+i>9 i+1 + Ej=l(°7) tA i-l>9 i+1 
(g + q~ l )p~j{q) - (a 7 , t) - (a 7 , tA fc )g 



fc+2 



(g + g- 1 K(?)-(l + ? fc+2 )& 



7i7l ' 



since [1] = [i\k]- Therefore the left-hand side gives p 7l (g) for (1), i.e. 7 = *, and 
(q + q~ 1 )p~ f {q) for both (2) and (3), i.e. otherwise. This equals the right-hand side, 
so the claim is correct. We conclude that putting P-y(q) = p 7 (g)/fi(g) in fact solves 



Eq. (16), and thus we can identify / 7 = P 7 and in turn c] = (a 7 ,tAj). Thus we 
have a fairly direct interpretation of the cj's through putting the 1- vertex next to the 
*-vertex. But note that even if we locate a different vertex, say 6, next to *, then 
we will similarly obtain = (a 7 ,6Aj). (Therefore the c-'s are found to be certain 
entries of our matrices G\. This coincidence has also been noticed by Di Francesco 
and Zuber [pi]] in their more empirical approach to these matrices.) Nevertheless 
the exponents in Kostant's polynomials appear most directly in the above sketched 
setting where p 71 "is essentially [9]" . (Note that [8] = 0^ cj 1 ^].) 

3.4 A modular invariant from a group 

We now construct modular invariant for a simple case without a-induction. Let 
A C N be a braided system, T C A a subsystem and let 9 C T be the degenerate 



subsystem of T. Thanks to Rehren [76], and the theory of Doplicher-Roberts [24|, we 
know that O is a group dual, i.e. u$ = ±1 and d$ £ Z for all 1? £ 0. We assume that 
it is purely bosonic, i.e. that u$ = +1 for all 1? € @. Let wr = E 7 er ^7 an< ^ P u ^ 

(y A ,2/ M )r = E y A, 7 ^,7- 
Note that for A, \i € T we have 

(y\ y») r = £ Y Xi Y, n = £ d 7 £ iV^Y 7 ,y = £ A^< y °, /) r = £ ^ 

7er 7 er 7'er 7'er i?ee 

Let's now define a matrix Z with entries 

,M I otherwise, 

which hence has non-negative integral entries, and also Zc^o = 1. Since G is the 
subsystem of degenerate sectors in V we will have us\uj$/uj^ = 1 whenever ^ 0, 
and since it is purely bosonic we will then therefore have u>\ = for A,/i £ T. It 
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follows that ZT = TZ . To establish Y-invariance, we need another assumption. We 
assume that (y°,y^)r = whenever A ^ T. Note that this implies for any 7 G T that 
(y x , y 7 )r = whenever A ^ T since then 

(y\ tf>>r = Ey e r ^7,7' = £ yer <V E, eA ^7',* 

= E, eA ^ 7 (y°,^)r = £y e r< 7 (?/V'>r = 

since then N2 = 0. Now Y-invariance can be easily seen: Writing Y and Z as 2 x 2 
blocks according to labels in T and not in A \ V we need to check that 

Yx,~yZ~/,fj. = ^ x ^Y-r,^ 

for A, ^ G r, and that 

Ya^-Z^ = 

whenever A ^ £ T. Using our assumption, both is now obvious if we write 

Y,Y Xn Z^ = Wr l Y^Y^ p Y p ^ = w^Y J {v\y P )TY p ^ 

7Gr 7,per per 

for /«er. 

4 How to prove Y Z = ZY without the double triangle 
algebra 

Here we show how one can prove Y-invariance of the coupling matrix (J7-invariance 



is established in [10, Lemma 6.1]) without reference to the double triangle algebra 
(DTA). However, we can only complete the argument covering the non-degenerate 
case and the case of Z being a permutation. 

We have the nimrep {r\ : A G n%n} of multiplication by on M X^- Taking 
quantum dimension, since d\ = d ax , we must have that N\[dp\p = d\[dp\p, using 
our basis (3 of M X^- On the other hand, N\a^ = a x , and again we should get a 
vector [dfj] with eigenvalue d\. To relate this to the basis [/?], we just proceed as in 



the Subsection 2.2 



First we recall from the proof of [14, Prop. 3.1] that by defining vectors with 



components labelled by (3 G m^mi 



a simple Perron-Frobenius argument shows that the vectors v^ 1 are proportional to 
the dimension vectors d^ (with entries dp), and since d\ = ^siPja^dp we find by 
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summing ^pdpVg that = d w/w±. Comparing the 0-entries yields then 
= d\Zxfi, = Z \d\. 

It is obvious that commutativity [Y, Z] = (which was proven in |l3|, Thm. 5.7] using 
DTA methods) now implies w+ = W-, but this is what we want to avoid here since 
the aim is now to prove [Y, Z\ = independently. 

By a similar Perron-Frobenius argument, it was shown in the proof of [JO], Prop. 
3.1] that the vector v with entries 

V P = d xd^(/3,a^a~), (3 G m x m, 

is proportional to the vector d, now with entries dp labelled by /3 G m^M> an< ^ one 
finds that v = dw 2 /w a . Checking the 0-entries one thus obtains 



w 2 



d\Z\^d^. 



(Extending the vectors tP 1 to by entries = and computing (v + ,v~) also yields 

w a WQ = w + w_.) Now as in the proof of [jnj Lemma 6.2] we define two further vectors 
vP with entries 



(Or labelled by mXm, it does not matter.) We now want to establish a very important 
identity, namely 



u T d T w/w± : P = t G M Xjh 
: otherwise. 



U /3 = \ .. ( 18 ) 



To prove this, we first compute 

ll^ + H 2 = E^Ea^a^ 1 ^^^, /?)(/?, a^) = EA,z/ a; A^ ! 7 1 dA^(a±a+,id) 
= Ev^A^cM^V^a+^d) = ^^ux^dxduN^u^o 
= Ea, m ^o,aYa,^^,o j 

where we used that Z^q = u^Z^q by [10, Lemma 6.1]. Similarly we obtain 
Ea u ^o,A^A,/t^o,M- Now by Rehren's argument ]7(| we have 



M£jv--fjv 



uxf A A G ^J* 8 

deg 



o \i N x j 



N 



21 



Since clearly Zx,o = Z$^\ as = a x for A € N X^ g , we obtain 



i j I 1 1 2 ii i 1 1 2 
\u\\ = \\U = W 



E ^A.O- (19) 



-N^N 



On the other hand, we can compute the inner product 

(u+,u-) = J2x, fl J2i3^x ld xd f ,uJf,{a'l,(3)((3,a^} = £ A/i u^ 1 ^^^ 



UJr 



vr (20) 



Now let us consider the case that the braiding is non-degenerate or that Z is a 
permutation matrix (i.e. Z\$ = 5\ t o). Then Eq. ( fl9| ) yields ||w + || 2 = ||w~|| 2 = w 
whereas Eq. (|20| ) yields for the inner product (u + ,u~) = w 2 /w a > w (since always 



Wa < w), so that we can conclude u + = u~ . Since obviously Ua = whenever 
/3 ^ m^-m this i m phes = whenever /? ^ m^m- Now for (3 = r E j\/<Y^ we find 
by Lemma 6.1] and the above derived = d ± w/w± 

ut = Yl ^xdxi^af) = uj t Y] d x (r,af) = — d T u T , 
L — ' ^-^ * w± 

proving Eq. (|i"§|). So what is so fascinating about Eq. (18)? The point is, that it fully 
equivalent to [Y, Z\ = 0. In fact, using [Y, Z] we proved u + = u~~ and thus Eq. (JT8|) 



in [10, Lemma 6.2]. Conversely, Eq. ( |l8|) can be used, as in the proof of [jO], Lemma 
6.3], to compute 



E = E T^^Vp't 

E ^^<a±r) 

PGjvA"jv P 

— —d p {a p ,ra M ) 

E E ^>J,w,™j> 



U) T U), 



10 \ - W T U,, 



—d T " (t ,< 



W± ' „ CJ r // P 

t"(= -V 

— > £ JV£ „ d T „ (r , a J) 

— e ^<;^e, 

t' t »c >"0 

10 



„ ± E ^f>. 
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where we actually used (the complex conjugate of) Eq. ( |ilf ) in the fifth equality. 



Here we were however a little more careful than in the proof of [10, Lemma 6.3] as 
we here distinguished w + and w_ because we would not know about their equality 
without using Thm. 5.7]. Writing the chiral branching coefficients as rectangular 
matrices, we have now obtained ^y ext 6 ± = w±b ± Y . With Z = t 6 + 6~ this yields 

w-ZY = wJb + b-Y = «j = w+Yty+Jr = w + YZ. 

Since Z\$ = Zq,x for A G N X^ , we obtain in particular 

^±(YZY) ,o = (ZY 2 ) .o = V Zq \d\ = (Y 2 Z) ,o = — (YZY) ,o . 

W- w+ 



deg 



Now (YZY)qo > Zqq = 1, hence w+ = W- so that we finally obtain YZ = ZY 
indeed. 

To summarize, we have shown that the following are equivalent: 



• [Y, Z] = 0, 

• x dc g d\Zx,o < w/w Q , and 

• J2xe N x N u\d\((3,af) = unless is ambichiral. 

If Z\ q vanishes for all degenerate A except A = id (in particular if the braiding is 
non-degenerate), then the second condition is trivially met since clearly 1 ^ wj w a . 
Unfortunately, for the general case we still need the DTA to prove the first condition 
(and hence all). 
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